BACKWATER CURVES IN RIVER CHANNELS

L. Purposes and Scope

There are many reasons why it is necessary to study water-surface profiles. For instance,
the stage of a river may need to be determined for a given dischafge; orit rnas.r be necessary to
calculate a Manning's “n” for a channel cross section. No matter what the reason for studying
backwater curves, i; is time consuming to hand calculate all of the steps necessary to obtain a final
solution to many of the problems dealing with flow profiles. Therefore, the purpose and scope of
this paper 1s to review the theory of water surface profile computations and to develop a
knowledge of the HEC-RAS (Hydrologic Engineering Center U.S. Army Corps ofEngmeers.

River Analysis System Computer Program.)

II. Background

“The term backwater curve was first applied to long smobth proflles of the water surface
upstream from a dam Q.r other obstruction in a river channel. Ultimately, however, twelve
different types of proﬁi‘e curves were found to be possible in a river channei."' These profile

curves are best illustrated for uniform flow, the simplest flow possible.

A. Establishment of Uniform Flow
When tlow occurs in an open channel, resistance is encountered by the water as it flows
downstream. This resistance is generally counteracted by the components of gravity forces acting

on the body of the water in the direction of motion. Uniform flow will develop if the resistance is

'‘Engineering Manual 1110-2-1409, U.S. Army Corps of Engineers, “Backwater Curves in
River Channels.”



balanced by these gravity forces. Figure | depicts the establishment of uniform flow for a rmild,
~critical. and steep slope.
Uniform flow has been established when: (1) the depth, water area, velocity, and
' discharge at every section of the channel reach are constant; and (2) the energy line, water
surface, and channel bottom are all parallel (i.e., S, =S, = Sy). Figure 2 depicts a definition
sketch of the above criteria. Uniform flow refers specifically to the spatial variation of
d
parameters, -— = 0.
as
Two uniform flow equations used extensively in hydraulics are worth noting; the

first, the Chezy equation

V= C RS

Eq. |
where V is the average velocity in fps, C is the Chezy's resistance coefficient and R is the
hvdrauiic radius in ft, and S is the channel slope.

V 1 49 R =4 S [
" Egq. 2

where n 1s the Manning’s n resistance coefficient.

However, under natural conditions the alignment and slope of a channel are irregular, the
degree of roughness variable, the cross section irregular, unsymmetrical and continuously
changing. Consequently, conditions one and two of the definition for uniform flow are never met
and the flow in a river should really be classified as nonuniform or varied. To what degree the
flow 1s varied is important. If the channel parameters vary only slightly with respect to

longitudinal distance the flow is defined as gradually varied. At the same time, if the channel
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parameters vary greatly with longitudinal distance the flow is defined as rﬁpidly varied. The
significance of gradually varied flow (Figure 3) is that, as an approximation, the basic equations
developed for umform flow are applied as an approximation. Rapidly varied flow is more

complicated and is not discussed here,

B. (Gradually Varied Flow
Gradually varied flow is steady flow whose depth varies gradually along the length .
of the channel. This definition requires that two conditions be met: (1) the flow is steﬁdy (i.e, all
of the variables remain constant for the time interval under consideration), and (2) the streamlines
are approximately parallel (i.e. the pressure distribution over the cross section can belconside'réd
hydrostatic).

The theory of gradually varied flow really requires the headloss through a river
reach can be appi’oximated using uniform flow equatior;s.wilh the same velocity and hydraulic
radius of the section. T,he Manning's “n” developed for uniform flow is therefore applicable for
varied flow. This is ndt absolutely true but the errors associated with the assumption are
generally considered q{nite small.. In this discussion of the gradually varied flow equations some
further restrictions are applied, namely:

1. The slope of the channel is small, i.e.:

a. The depth of flow is the same whéther the vertical or normal

direction is used. The cosine of the slope angle is sufficiently small

to allow cos@= 1.
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b. - No air entrainment occurs.

ta

The channei is prismatic: the channel has constant alignment and shape.,

%)

The velocity distribution in the channel section is fixed (the velocity
distribution coefficients are constant),

4. The roughness coefficient is independent of the depth of flow and constant

throughout the channel reach under consideration.

HI. Basic Theory

To develop the theory for the computations of flow profiles the energy principle
{Bernoulli's theorem) 1s used. Thé energy associated with section 1 and section 2 in Figure 3 can
be stated as follo;.)«: the elevation of the water surface plus the_velbcity head at section 2 is equal
to the elevation of the WQter surface and the velocity head at section 1 plus the energy losses
through the reach. |

The toté\l energy or head above an arbitrary datum can be wfit{cn as

2
H:Z+y+l/_. Eq. 3

lg

where H is the total head in ft, Z is the vertical distance of the channel bottom above the datum in

B

-

ft, Y is the depth of flow in ft, and Z
"'g

channel as the longitudinal X axis and differentiating equation 3 with respect to the length X, the -

is the velocity head in ft. Taking the bottom of the

following equation is obtained



[t should be noted that the slope is defined as the sine of the slope angie and is considered

negative if it ascends and positive if it descends in the direction of the flow. Thus, the energy

slope S, = - % and the channei slope §, = sinf = - iZ_ “Substituting these slopes into

equation 4 and noting that d d dr {the velocity does not vary with X but does v ith
o _—_— T — — w

| 7 S T : sy

: . : dy
respect to Y) and rearranging, equation 4 can be rewritten to solve for —— as
dX

S
gL
dY | 2g

Substituting g

= V, where Q is constant discharge in cfs and A is the cross sectional area in fi?,
: : dA - -
and noting that, the top width can be represented by TR the derivative of the velocity head can

be represented by

4
dY

VZJ _ QT

g

Equation 5 is the varied flow equation restricted to the assumptions stated earlier. Equation 3

can be further modified by substituting equation 6 into equation 5.



¢ 9 | Eq. 11

and

n

K - <
S, Eq. 12

where K, is the normal conveyance at uniform flow (i.e. uniform tflow occurs at normal depth).
For any dischérge Q the critical section factor and the normal conveyance term can be calculated
independent of the actual depth of flow. Thus, Z_ and K become useful tools in co'mi)utational
procedures.

Solving for the ratio of the friction slope to the bed slope yields

(]

5K Eq. 13
L - 1
SU K q

&

(%]

By factoring S, and suilastituting equations 10 and 13 into equation 5, yields

I G
X "1 -2z Eq. 14

Equation 14 is useful when computing water surface profiles by hand and reference texts are
available to determine the section factors and the conveyance terms®.

For simplicity, in development of the various flow profiles, a wide rectangular channel is

*Brater’s Handbook of Hydraulics, McGraw-Hill.



_{}_} - Su B Sf ) .
dX | 0T ' ' Eq.7
gA’

It is advantdgeous in developing the tweive possible flow profiles to change the form of
equation 7 to something that is more easily manipulated. To accomplish this, a section factor
defined as Z = YA /T (Z in ft) and a conveyance term defined as K= 1.49/n AR™ is introduced.

Equation 6 would become

gA’ 8Z* - Eq. 8

Suppose that a discharge occurs at critical conditions, the section factor would be defined as

Z = 0lg
Eq.9

The value of Z_ is the critical section factor which is computed as if the flow occurs at minimum

energy. Substituting equation 9 into equation 8 yields

gA 3 22 Eq. 10
Critical conditions were used to represent Z_ for Q in equation 8. Conveyance will be
used in place of the friction slope and in particular a “normal conveyance” for normal or uniform

flow conditions. Thus,



represents the siope of the water surface with respect tothe bottom of the channel. If the water
surface converges (o the bottom of the channel (i.e. the depth of the flow decreases with distance
downstream) the slope is negative. Alternatively, if the water surface diverges from the bottom of
the channel (i.e. the depth of flow increases with distance downstream) the slope is positive. To
simplify the development of water surface profile curves the following notation illustrate_d in
Figure 4 1s used to describe depths, regipns of ﬂéw, and slopes.

There are five types of channel slopes: (1) adverse, (2) horizontal, (3) mild, (4) critical,
and (5) steep. The mechanics of dgtermj_ning if a channel has an adverse or horizontal slope is
quite simple. [f the bed of the river has a positive slope, the slope is adverse; if the channel
bottom lies in a horizontal plane. the slope is horizontal. To distinguish between m.le critical,
and steep slopes is not as straightforward, however, comparison of normal and critical depth is
probably the easiest way to categorize these slopés.

Normal depth can be solved using Manning’s formuia, équatidn 2. Critical dépth can be
solved for by delerminiﬁg the minimum specific energy at a section and solving for the depth at

that minimum energy. “.-'The_speciﬁc energy can be written as

. v
E=Y 2g Eg. 20

By taking the derivative of E (E in ft) with respect to Y and setting it equal to zero yields

VZ

2
K

dE _ dY d
= +

—_— =0 = ==

dY dY  dY Eq. 21

Substituting equation 6 into equation 21 and solving equation 22 can be written as



assumed and the Manning's formula is utilized to represent the resistance. By noting that Q/B =g

(where B is the bottom width of the rectangular channel in ft and g 1s the discharge per unit width

in cfs/ft) equation 6 can be expressed as

Eq. 15

(]: - Y[.
gv? Y  Eq. 16
From the Manning’s formuia
q 1.49 s |
a4 - 2y K
\/S_ n ! " Eq. 17
therefore
K ] % /3
K| ?}S Eq. 18

And, equation 5 for a wide rectangular channel using Manning’s formula becomes

- 10/3 ‘ ’
dy _ S I__EK',‘I_Y.).__ Eq. 19
dX I - (ysyy

Eg. 19 can be utilized to obtain the shape of water surface profiles. Recall that dY/dX



Eg. 22

Solving for the depth in equation 22 (this can be done because cross section shape is a function of

the depth) yields the critical depth of flow. The slopes can now be defined as

Mild Slope _ Y, > Y.
Critical Slope Y. =Y.
and Steep Slope Y. <Y,

[t is necessary to understand how the water surface profiles can occur over these various
slopes. Mild, critical, and steep channels are the most important in a practical sense and attention .
will be focused here first. In the development equation 19 will be used

4y ¢ 1 (Y/n' ‘
cdX T -y ' Eq. 19
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FIGURE 4 NOTATION

Ist Assume Y - (Approaches) Y ie. Y /Y -> 1

i
dY 5 I -1 s (0

T oo T o T T O
dX - Yy [ - (Y/r)

dy

if =0
dX

(the water surface profile (w.s.p.) becomes asymptotic to the normal depth line)

2nd Assume Y- Y,



dv E i - (K,]/YE)IDB o (YH/YC)IU.’B

i 1 i/ - SU (m)
dx L - vy 0

(the w.s.p. is perpendicular to the critical depth line)

ird Assume  Y-0

av ] - (Y /0)'®?
dX " 1 - (VoY

-~ dy Y- vl (r/m*
Rewriting 2 =
dX v -y,
0 -« (¥)
substituting dr . § ————— ==
0 -7

(the w.s.p. is perpendicular to the bottom of the channei)

4th Assume Y- =

dY s | - (Yn/m)l[)ﬂ
dX o I _ (Yr/m)j [

(the w.s.p. parallels the channel bottom)

The first four assumptions yield details of what the slope of the water surface looks like at



four important depths. To summarize these

Depth | 0 | Y. I : Y, ‘ | o
s - = s
aX

If uniform flow were present in a channel, there would be no problem in determining the
stage of a river. The depth would be calcuiated using the Ménning’s formula and it would occur
at normal depth. However, because uniform flow usually does not exist the depth, Y, must be

. calculated in all the reaches. There are three conditions that can occur over a mild slope, two

over a critical slope, and three over a steep slope.

A. Miid Slope . Y, >Y)
Condition | | (Y>Y, > Y, Water surtface profile (w.s.p.) s In region |

ar o 1- (Y, /1)1 _ L - (No. less than 1)

ax o (Y JY) ~ 70l = (No. less than 1)
dY
— =5,(+) =~
dX o



Condition 2

Condition 3

Steep Slope

Condition |

This implies that the depth increases in the direction of flow
Zone 1. this is called an M, curve

Y, >Y>Y, W.S.p. curve 18 in Region 2

dar ¢ 1 - (no. greater than 1) )

—

dX "1 - (no. less than 1) " (+)

dyY
dX

This implies that the depth decreases in the direction of the flow
Zone 2, this is called an M, curve

Y. >Y.>Y w.S.p. Is in Region 3

dY S I - (no. greater than 1) - (=)
dX "1 - (no. greater than 1) (=)
dY - .

adX

This implies that the depth increases in the direction of flow
Zone 3, this is called an M, curve

Y >Y

c n

Y>Y.>Y, ~ w.s.p. is in region 1



C.

Condition 2

Condition 3

Critical Slope

Condition |

Condition 2

Condition 3

i

i

1
This implies that the depth increases in the direction of flow

Zone 1. this is called an S, curve

Y.>Y>Y, W.S.p. i$ in region 2
dy

— I (—- = -

dX o )

This implies that the depth decreases in the direction of flow

Zone 2, this is called an S, curve

Y.>Y,>Y w.$.p. in region 3
ﬂ = S” {+) = +
daX

This implies that the depth increases in the direction of flow

Zone 3, this is called an S, curve

Y,.=Y

n C

Y>Y, =Y. | W.S.p. In region |

This-implies that the depth increases in the direction of flow
Zone |, this is called a C, curve
Does not exist

Y.=Y.>Y w.S.p. 1s in region 3



This implies that the depth increases in the direction of flow

Zone 3, this is called a C, curve

D, Adverse Slope

Normal depth does not exist. Therefore we need to modify equation 20; namely

dY Su - Sf
dX | - (yl_/y)S

Using our sign convention established earlier. S,, for an adverse slope is negative.

Condition | Does not exist
Condition 2 Y>Y, w.s.p. is in region 2
R

r— D ———— e D L = =

dX 1 - (¥} g

This implies that the depth decrease in the direction flow

Zone 2, this is called an A, curve

Condition 3 Y.>Y w.s.p. IS in region 3
A V) S
dX 1 -y -
dY



|
This implies that the depth increases in the direction of flow
Zone 3, this is cailed an A, curve

E. Horizontal Slope

Again normal depth does not exist and we will revert to equation 24 for our analysis.

Condition | Does not exist
Condition 2 Y>Y. | Ww.S.p. IS in region 2
L T .
dX 1 vyt
@,
dX
. This implies that the depth'decreases in the direction of flow

Zone 2, this is called an H, curve

Condition3 Y.>Y W.S.p. IS in region 3
i dy 0 -5 ) —Sf:+
B S 072 s
dY
—_— =+
dX

This implies that the depth increases in the direction of flow
Zone 3, this is called an H, curve
[f we combine all of the above conditions associated with the various slopes and the four

assumptions made earlier, we can develop Figure 5. By combining all of the above conditions



associated with the various slopes and the four initial assumptions. these curves are represented in

Figure 5.
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Analvsis of Flow Profile”

Flow profile analysis is a procedure used to predict the general shape of the flow profile.

It enables the engineer to learn beforehand the possible flow profiles that may occur in a given

~ channei layout. This procedure constitutes a very significant part of all problems in channel

design for gradually varied flow.

Al Prismatic Channel with Constant Slope

Typical examples of these flow profiles are shown in Figure 5.

B. Prismatic Channel with a Change in Slope.

This channel is equivalent to a pair of connected prismatic channels of the same cross
sectlon but with different slopes. Twenty typical flow proﬁ]es in a long prismatic channel W1th a
break in slope are shown in Figure 6. These profiles are self explanatory. However, some special
features should be mentioned:

1. The profile near or at the critical depth cannot be predicted preéiseiy by the

theory of gradually varied flow, since the flow is generally rapidly varied.

2. In passing a critical line, the flow profile should, theoretically, have a vertical
slope. Since the flow s usually rapid when passing the critical line, the actual
slope of the profile cannot be predicted precisely by the theory. For the same

reason, the critical depth may not occur exactly above the break of the

*Extracted from Chow, V. T., Open-Channel Hydraulics ,» McGraw-Hill Book Company,
. 1959.
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\
channel bottom and may be different from the depth shown.

&S]

In some cases a hydraulic jump may occur either in the upstream channel or in
the downstream channel, depending upon the relative steepness of the two

slopes. In case g, for instance, the jﬁmp will occur in the downstream channel
if the normal depth in this channel is comparatively small. When thé slope of
the downstream channel decreases and, accordingly, the normal depth

* increases, the jump will move upstream, eventually into the upstream channel.

4. If the upstream channel has an adverse slope, the discharge is fixed not by
upstream channel conditions but by the elevation of the upstream pool level,

which is the horizontal asymptote of the A2 profile.
Prismatic Channel with Several Changes in Slope.
For such channeis the general procedure of analysis is as follows:

I.  Plot the channei profile with an exaggerated vertical scale.

2. Compute Y, for each reach, and plot the normal depth line, shown by dashed

lines, throughout the channel.

3. Compute Y, for each reach, and plot the critical depth line, shown by dotted

lines, throughout the channel.

4. Locate all possible control sections, At the control section, flow must pass



through a control depth which may be the critical depth, the normal depth or

any other known depth. There are three types of control sections:

a. Upstream control sections. This occurs in any steep reach at the
upstream end, since the flow in a steep channel has to pass through the
critical section at the upstream end and then follow either the S1 or S2
profiles. The critical depth is, therefore, the control depth. If the
downstream water surface is very high, it may raise the 'flc:ovgr surface at
the upstream control. When several steep reaches occur in succession,
the control section is at the upstream end of the upper-most reach.
Upstream control also occurs in long mild reaches, because the M1 or
M2 curve will approach the normal depth at the upstream end.

b. Downstream control section. This occurs at the downstream end 'm.
any long steep reach, because the flow will approach the normal depth
at the downstream end. If the downstream end of a mild channel
terminates at a free overfall, the control section may be. assumed at the
brink where the depth is critical.

c. Artificial control section. This occurs at a control structure, such as a
weir, dam, or sluice gate, at which the control depth either is know or

can be determined.

5. Starting at the control depth at each control section, trace in each reach a
continuous profile. This position of the profile in each reach can be correctly

located with respect to the normal and critical depth lines.



\
When flow is supercritical in the upstream portion of a reach but subcriticai in

the downstream portion, the flow profile has to pass the critical depth
somewhere in the reach. In crossing the critical depth line, a hydrautic jump is
usually created in raising the water surface from a low depth to its sequent

depth. .
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THEORY AND ANALYSIS
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THEORY AND ANALYSIS

T
Horizontal %
M”d =

S[eep

LEGEND:

----------- Critical-depth line
_____ Normal-depth line

£1. 1274 ‘
Q—_""

1. 1272 1_]
El. 1270

S,

0, ——x—{El. 1266
SO=O.OOO4 S - | C——
500

A rectangular channel, 20 ft wide, consists of three reaches of different
slopes. The channel has a roughness coefficient n = 0.015 and carries a
discharge of 500 cfs. Determine:

a. the normal and critical depths in each reach
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